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ANNOTATION

This paper generalizes model of the spatial duopoly [1] to ana-
lyze the effects of asymmetry. The location asymmetry of the firms
and the asymmetry of the markets sizes are considered. The com-
petition game consists of two stages. In the first stage, the firms si-
multaneously select their locations. In the second stage, given the
location decisions, the firms simultaneously choose their supplied
quantities. The equilibrium of the model is solved by backward
induction. It is obtained that at a Nash equilibrium, increasing of
firms numbers, markets size asymmetry and potential of markets
will be conduce to agglomeration of firms on the large market. The
increase in unit transportation costs will be conduce to dispersion
of firms.

Keywords: spatial oligopoly, location asymmetry, markets siz-
es asymmetry, Nash equilibrium.

AHOTALIA

Y paHin poboTi y3aranbHIOETbCA MOAEeNb NPOCTOPOBOI
ayononii [1] Ta aHanisytloTbcsi edekTn acumeTpii. Po3rnaHyTo
acumMeTpii po3MipiB pvHKIB i po3TalyBaHHs ipM. KoHkypeHTHa
rpa cknagaetbCA 3 ABOX eTanis. Ha nepwomy etani dipmu
ofHO4YacHoO BMGMPatoTb CBOE MicLe po3TallyBaHHS. Ha apyromy
eTani, BpaxoBylOUM PilleHHA NpOo Micue po3TallyBaHHs, ipMu
ofHo4acHo BMOMpaloTb cBOI 0b6carm nponosuuii. OTpuMaHo, Lo
B CTaHi piBHoBarn Hewa, 36inblueHHs yuicna dipm, acumertpii
pPO3MIpiB PUHKIB | NOTEHUianiB puHKIB cnpuse arnomepadii dipm
Ha BENWKOMY PUHKY. 3pOCTaHHA TPAHCMOPTHWX BUTPaT Cnpusie
avcnepcii ipm.

KniwoyoBi cnoBa: npoctopoBa ofironosnisi, acumeTpis
po3TaLlyBaHHs, aCMMETPIsi pO3MipiB PUHKIB, piBHOBara Hewwa.

AHHOTALUA

B paHHOM paboTe o606LiaeTcs mopenb NpOCTPaHCTBEHHOM
ayornonun  [1] n  aHanuaupytotcsd  addekTbl  acCUMMETPUN.
PaccmoTpeHbl acMMMETPUK pa3MepoB PLIHKOB M MECTOMOMOXEHNS
dvpm. KoHKypeHTHas urpa cocTtouT u3 AByx aTanos. Ha nepsom
3Tane pupMbl O4HOBPEMEHHO BbIOMPAIOT CBOE MECTOMOMNOXEHWE.
Ha BTOpoM 3Tane, yuuTbiBas peLIEHWs O MECTOMOMOXEHUMN,
(MPMbl OOHOBPEMEHHO BbIOUPAOT CBOM 0OBEMbI NPEANOXKEeHUs.
MonyyeHo, 4TO B COCTOSHUM paBHOBecusi Halwa, yBenuyeHue
yucna upM, acMMETpUM pasMepoB PbIHKOB W MOTEHLManoB
PbIHKOB CNOCOBCTBYET arnomepauny rpM Ha GOMNbLIOM PbIHKE.
PocT TpaHCnopTHLIX pacxofoB CNocobCTBYET Ancnepcum upm.

KnioueBble cnoBa: MpOCTPaHCTBEHHas  OMWroOMonus,
acUMMETPUS MECTOMOMOXEHUS, aCUMMETPUS pPa3MepoB PbIHKOB,
paBHoBecue Hawa.

Problem setting and publications analysis.
After the appearance of the famous Hotelling's
work [2], problems of agglomeration and disper-
sion of firms in a space became a constant sub-
ject of economists study. In the case of price
competition, firms will be dispersed, as with
agglomeration their profits will decrease to zero
due to the Bertrand paradox [3]. In the case
of quantitative competition, firms will tend to
agglomerate [4], [5].

Investigation of agglomeration and dispersion
of firms depending on transport costs and market

sizes was carried out in [1]. The paper [1] devel-
ops a barbell model [6] with homogeneous prod-
uct and asymmetric demands to compare prices,
aggregate profits and social welfare between
Cournot and Bertrand competition, and to ana-
lyze the firms' equilibrium locations. It focuses
on the impacts of the spatial barrier generated
from transport costs, and the market size effect
resulting from asymmetric demands. It shows
that the market-size effect is crucial in determin-
ing firms' locations under Cournot competition,
but insignificant under Bertrand competition.

In the paper [6] have studied the effects of
spatial price discrimination on output, welfare
and location of a monopolist in the context of
spatial economy. It is shown that a monopoly
will locate at different markets under different
pricing schemes. Specifically, if the slope of the
demand function in one market is higher than
that in another market, then a monopoly will
locate at the former market under simple mill
pricing, while it will locate at the latter market
under discriminatory pricing.

The paper [1] was developed in the paper [7].
The paper [7] considers a spatial discrimination
Cournot model with asymmetric demand. In the
model used the geographical interpretation of the
linear market and introduce differentiated prod-
ucts. It is analyzed a location-quantity game and
shown that agglomeration or dispersed locations
may arise, depending on parameter combinations.

Formulation of research objectives. As well-
known, one of a promising areas of the study
for spatial models are the effects of asymmetry
[8]-[10]. The aim of this article is to generalize
the model [1] and analyze the asymmetry effects.

The basic results and their justification. Sup-
pose that there are two markets, which are located
at the endpoints of the line with a length of /.
The markets are connected by a road or a high-
way. There is a size asymmetry between markets.
Assume that a size of the left market (L-market)
exceeds a size of the right market (S-market).
There are n competing firms, which can locate at
any point along a line. In both markets firms sell
homogeneous goods and arbitrage among consum-
ers is excluded. Each firm faces linear transpor-
tation costs of ¢ to move one good unit per one
unit of distance.

A distance of the i-th firm to the L-market is
X, ieN, N={12 .. n} —setof firms. There is a
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location asymmetry between firms: x, <x, <..<x,
(Fig. 1).

Each firm chooses an optimal location, which
can be at one of the two markets or a point on
the line. The barbell model fits the reality well,
and can be used to examine the trade between two
countries as well.

The linear demand curves at each market:
pt :b_k.quﬁ , p’ =b—k.qu ,where p" , p° —the

ieN ieN
market prices, ¢‘, ¢’ - the quantities sup-
plied of i-th firm, » — the minimum price at
which there is no demand (market potential),
k — is a coefficient of price sensitivity, y >1 —is
a size-markets asymmetry coefficient (Fig. 2).

The competition game consists of two stages.
In the first stage, the firms simultaneously
select their locations. In the second stage, given
the location decisions, the firms simultaneously
choose their supplied quantities. The equilibrium
of the model is solved by backward induction.

The profit of /-th firm are defined as the sum
of its profits from both markets

E:qiL'[bk'zqiLt’xi]+

Y ieN

+q,.5‘(b—k~2qf—t~(l—x[)J—>anlla‘>i%.

ieN

(1)

The analysis starts with the second stage. First
we find the optimal volumes of supplies. The
first-order conditions are as follows:

61:2 :b_ﬁ.q’ﬁ_ﬁ. Z q/L—t'xf:O’
oq; v Y jeN\i
oF (2)
t=b-2-k-g—k- Y ¢ —-t-(I-x)=0,
0q; JeN\i
with the second-order conditions:
2 2
OF _ 2k o, Oh _ k<0, ienN.
oy ela)

Solving equations system (2) yields Cournot
equilibrium volumes of supplies

y-[b—n~t~x,,+t-

> |

L _ JjeN\i
() = k-(n+1) ’ \
Cob—tltntox—t- ) X ()
s\ _ M\
(qi) B k-(n+1)

The equations (3) show that the optimal vol-
umes of the 7-th firm increase when approach-

ing the market and when competitors are far
from the market: 0(q/) /ax,. <0, o(q/) /ax, >0,

6((],5)*/6)6i >0, 6(qf)*/6xj <0.
The optimal prices and profits
o b+tY x,
L _ ieN
(p )  on+l

2
) y-[b—n~t4xi+t- > xj}

FL _ JjeN\i ,

(') k~(n+1)2

_oben-tl-t-) x

(pS) — ieN

b

’

4)

n+l
2
(b—t~l+n-t~xi—t~ > xjj
(ES) _ JeN\i ,

k-(n+1)2

£ =(E) +(F)

In the first stage each firm selects a prof-
it-maximizing location given the rival’s location.
Substitution of (3) into (1) and differentiation
with respect to location gives

2-y-n-t-|b-n-t-x, +1t- X;
oF % [ , > ,j

o _ jeN\i
ox; k-(n+ 1)2

+

5 xjj )]

2-n-t-|b-t-l+n-t-x,—t-
JeN\i

+ 5 =0,
k-(n+1)

with the second-order condition:

R
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Fig. 1. The spatial oligopoly model (barbell model)
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Fig. 2. The markets sizes asymmetry
2F2-n P (y+1
OF 2w+l oo (6)

ox; k-(n+1)

From the second-order condition (6) it follows
that the profit function of 7 -th firm (4) is strictly
convex with respect to x,. Thus, at an equilib-
rium state firms will locate only on markets, i.e.
x; =0 or x; =/. We note that this result was first
obtained in [6].

As we know, sometimes it is useful to know
the worst solution. Solving equations system (4)
vields: x =L 20~ " witn the growth
! y+1 t-(y+1)
of market sizes asymmetry, the worst solu-
tion will be to move away from the L-market:
ox'™  2.-b-t-1l

L= >>0.

O  t-(y+1)

Let us find a Nash equilibrium in this model.
In conditions of location asymmetry, the equilib-
rium distribution of firms between markets will
depend on the firm for which the choice of the
market does not matter. Such an equilibrium firm
is found from condition:

A=F (% =1)-F (x =0)=0,

1

7y-(b+t-l~(n—i))2+(b—t-l~(n—i+l))

2
’

F (x =0)=
:(1 ) k-(n+1)2 k‘(l’l+l)2
" (h_t.7.7) b l-l-'—12
]:;(xi:l):?’(b t121)+(+ (,2))
k-(n+1) k-(n+1)
-t )
A e G D@ =2) -2k (1) =0 (6)
From (6) we find an index of the equilibrium
firm
. n 1 b~(y71) '
=3 , n2<it<n. (7
i 2+7+1+t-1'(7/+1) n2<i¢<n. (7)

At the Nash equilibrium on the L-market will
be located firms with index i < i°, on the S-market
will be located firms with index i > i°. It follows
from (7) that at least half of the firms will always
oi¢ 2:-b-1t-1

== >0,
oy t-l-(y-1)
then the coefficient y can be considered as a coef-

choose the L-market. Since

ficient of firms agglomeration. Equating i°=n,
we find the coefficient of asymmetry at which
there will be a full agglomeration of firms on the
2-b+t-1-(n-2)

2-b-n-t-1

We can summarize results in

Theorem 1. In the barbell model, under Cournot
competition, increasing of firms numbers, mar-
kets sizes asymmetry and potential of markets
will be conduce to agglomeration of firms on the
large market. The increase in unit transportation
costs will be conduce to dispersion of firms.

We note that the result obtained coincides
with the effect of transport costs on agglomer-
ation processes in models of the new economic
geography [11].

Let us analyze a profits of other firms, depend-
ing on the choice of the equilibrium firm. If the
equilibrium firm is located on the L-market then
a profits of the other firms are equal.

. y-b+t-l~(n—ie)2
£ w0y 2T

(b—1-1-(n-i+1))
k-(n+1)

L-market: y >

, )

+

2 2
yo(b—t-1-(if+1 b+t-1-i¢
(p=r-1=0) (it}
k-(n+1) k-(n+1)
If the equilibrium firm is located on the S-mar-
ket then a profits of the other firms are equal

;/-(b+t-l-(n—ie+1))2

F¢ (xl_e =O):

ii>i¢

oo
+(b7t~lo(n7i2+2)) , )
k-(n+1)
F.C..e(x@=1)=y'(b_t’l'fe)2+(b+t'l'(ie_zl))
hem A k-(n+1) k-(n+1)

Comparing (8) and (9), we obtain
Ly (xif = O) = F;,em" (xie = [) ’

i,i<i®

Foo(xe =0)=F . (x. =1),

F;'.ei<i" (xi“ = [) - E,ei>i“ (xi" = l) = F;,ei>i“ (xif = O) - E,eki*‘ ('xi” = 0) =
= F;,ei«" ('xz" = 1) - E,e[q" (XA" = 0) = F;i»" ('xl" = O) - F‘ii»" ('xi" = 1) =
_ £ ~(y+l)

~ k-(n+1)

Thus, the presence of the equilibrium firm
in the market reduces profits of its neighboring
firms and increases profits of firms in another
market. The difference in the profits of firms in
different markets does not depend on the location
of the equilibrium firm.

Now we consider some special cases of the model.

Let us assume that firms compete in conditions
of the full symmetry. In this case, all firms are
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located in one of the markets, a size of the mar-
kets are same, x, =x,=...=x,, y =1. In a future,
the market, on which the i -th firm is located, we
will call as “home market”.

From (3) and (4) we find the equilibrium vol-
umes of supplies and profits of the i -th company:

L\m b—t~x[ sfy’”_b_t'(l_xi)
@) =~y @) e
, Qo)
.sym:(bit‘xi)z+(b_t.(l_xi))
" k(n+1) ke(ne1)

From (10) we received that a volume of sup-
plies and profit of the i-th firm on the home
market is always higher. In conditions of full
symmetry, firms have no preferences in choosing
a market, since a total volume of supplies and
profits are equal

@
7 )
£ )= £y = XL

k-(n+ 1)2

To select a market, firms need additional con-
ditions. We note that the worst spatial decision of
firms is the central agglomeration: (x[w"“’ )W =12.

Now consider the case when firms compete
in conditions of markets symmetry and location
asymmetry, i.e. y =1, x,<x,<..<x,.

From (7) we find that for the same size of
markets, the index of the equilibrium firm is:
i(y =1)=(n+1)/2. Thus, in the equilibrium state,
firms will be distributed roughly equally between
markets. Assume that the equilibrium number of
firms in each market is equal n/2.

From (3) and (4) we find the equilibrium vol-
umes of supplies and profits of the i -th company:

(qL)/aciasym _ b—t'(}’l+ l)~x[ +tln/2

’

k-(n+1)
( S)Mwm—b_t"”'(“l)-x,-—tvl-n/z
i B k-(n+1) ’
> 12)
e _ (b= (1) x4t Ln/2)
i B k-(n-rl)2
(b-t-l+t-(n+1)-x ~t-1-n/2)
+ .
k~(n+1)2

The profit and volume of supplies of firms in
both markets are the same:

Elociaxym (0) — Elotiasym ( 1) —
(bt lon /2y v (b-t1-(n/2+1))
- k-(n+ 1)2 ’
L loc_asym s loc_asym (13)
(qi ) (xi = 0) + (Q/ ) (xi = O) =
_ L loc_asym _ s loc_asym _ _ 2 . b -t l
_(ql.) (x,._l)+(q,.) (xi_l)_ik-(n-s-l)'

The worst spatial decision of firms is the cen-
tral agglomeration: (x" )I"UW =12.
To analyze the effects of the location asymme-

try, let us compare (10) and (12). Change of the

deliveries:
[ac _asym s loc_asym
[ +(a7) } ,

710
( )loc asym _ (qlL )5 _ ( )sym (q’S )locinsym _
/-

_t-l-n2-t-n-x
k-(n+1)
Change of the profit:
n-t’ I’ (n+2)
2-k-(n+ 1)2

Thus, as a result of an appearance of the loca-
tion asymmetry, the total volume of supplies did
not change, the supplies were redistributed in
favor of the home market, the profits of all firms
increased.

Conclusions and prospects for further
research. In this paper we generalize the model
[1] to the case of a set of firms. This allowed us to
find an equilibrium distribution of firms between
markets. It is obtained that increasing of firms
numbers, markets size asymmetry and potential
of markets will be conduce to agglomeration of
firms in the large market. The increase in unit
transportation costs will be conduce to disper-
sion of firms. It is shown that the presence of the
equilibrium firm in the market reduces profits
of its neighboring firms and increases profits of
firms in another market. The difference in the
profits of firms in different markets does not
depend on the location of the equilibrium firm. It
is received, that from the point of view of profit
the worst for firms is the full symmetry.

In the future supposed simulation of equilib-
rium in the barbell model under impact of other
asymmetries.

_ Fom —

F loc_asym
i i
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